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The fiat anisotropic model of the early Universe is considered. Two interacting scalar fields with 
special form of potential energy are a source of matter fields. Analytic solutions for inflationary and 
scalaron stages are found. It is shown that the solutions tend asymptotically to isotropic Friedmann 
model. 



I. INTRODUCTION 

Investigation of models of the early Universe has a long history (see e.g. Refs. [2, HI)- One of the basic direction 
is consideration of classical scalar fields. For such type of models the necessary inflationary evolution can be ensured 
by a corresponding choice of energy-momentum tensor which is equivalent to the hydrodynamic equation of state 
p = —e. In this case the exponential expansion of the Universe is realized, and its size increase from the Planck value 
up to macroscopic one. The subsequent redistribution of the field energy between kinetic and potential parts leads to 
fast oscillations of the field (the so-called scalaron stage Q) and to realization of the effective equation of state p<£. 
Such fast oscillations with the Planck energy density provide mass creation of elementary particles with subsequent 
filling of the Universe by hot plasma. At the corresponding choice of initial parameters, such a simple model solves 
the principal problems cosmology (causality, homogeneity, flatness, e.t.c). 

In this Letter we offer the model of the early Universe using the special form of the potential energy of scalar field: 
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fC) ■ Here <p, \ are two real scalar fields with masses mi, mi and self-coupling constants Ai, A2 accordingly, Vq is a normal- 
ization constant. This potential was obtained in Ref. fj] at approximate modeling of condensate of a gauge field in the 
SU(3) Yang-Mills theory. The potential Q has two global minima at 4> — 0, X = i m 2, local maximum at (f> = 0, x — 
and two local minima at x — 0> 4> — iwi at values of the parameters Ai,A2 used in this paper. The conditions for 
existence of the local minima are: Ai > 0, m\ > A2m§/2, and for the global minima: A2 > Ojin 2 , > Xim 2 /2. 

The inflationary models with several scalar fields are known (for example, the hybrid inflation model [f|, see also 
the review Q). The potential ([I]) was used at description of different models: in Ref. 0] for a model of boson star, in 
Ref. ^1 at consideration of the cosmic string, in Ref. at modeling of the phantom energy in the early Universe, in 
Ref. 1(| for a model of thick brane. 

In this Letter we consider inflationary and scalaron stages within the framework of the flat anisotropic model of 
the early Universe with the potential |T]). 



II. GENERAL EQUATIONS 

We start from the following Lagrangian: 



L = + \d^d^ + \d, X d»x ~ V(<t>, x)- 1 2 ) 



The anisotropic metric is choosing in the form: 

ds 2 = dt 2 - al(t)dx 2 - a\(t)dy 2 - a\{t)dz 2 : , (3) 

where 0,1,02,03 are the scale factors on directions x, y, and z accordingly. For carrying out of calculations, it is 
convenient to represent the scale factors in the following form [TlJ] (see also [l2l]): 

oi(i) = r(t)qi, a 2 (t) = r(t)q 2 , a 3 (t) = r(t)q 3 , (4) 
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where 91,92, 93 are dimensionless variables satisfying the requirements: 

3 3 



I! q a = 1, E (W<? Q ) = 0, 



a=l 



(5) 



whence it follows that Yi a a = r 3 . For the line element ([3]), with account of 0$, the components of the Ricci tensor 

a=l 

will be: 
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Let us use the last expressions for obtaining of (1-1) and (2-2) components of the Einstein tensor: 
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Subtracting the component G\ from G\, one obtains: 
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Introducing in the last equation a notification Q a p = (92/92 — 91/91), we have: 

3^ + ^=0, 

r Qa/3 

that gives after integration: 

where Cap are integration constants. Hence it appears: 



Co 
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where C a are integration constants and, according to the requirements (0, C a = 0. Integrating the last equation, 

a=l 

one can obtain: 



q a = A a exp {C a / ^ 



(8) 



where A Q are integration constants and Yi A a = 1. Now, using the relation {?]), we have from ©: 
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where the coefficient ^ C 2 determines an anisotropy of the model. Then one can obtain from Eqs. ([9]) and ([2]) the 

a=l 

(0-0) component of the Einstein's equations (here and further we use the geometric units 8ttG = 1, c = 1): 



2r 6 

a=l 



-v(4>, x ). 

The corresponding equations for the scalar fields can be obtained from the Lagrangian ([2]). They will be: 

+ 3-0 - -0 [2 X 2 + Ai (0 2 - ml)] , 



X + 'i-X = -x[20 2 + A 2 ( X 2 



I)] 



(10) 

(11) 
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One can see that the system of equations ([T0| - ([T2"T) has solutions beginning in the local maximum of the potential 
(TT]), i.e. at = 0,x = 0, and tending asymptotically to the global minimum at = 0, x = ±^2 (Fig- ©)■ (Here 
we choose the normalization constant Vo — (Ai/4)m| in order to provide V((f>, %) = in the global minima.) These 



solutions are similar to solutions in systems with spontaneous symmetry breaking |lj. In such systems, scalar fields roll 
down from maximum of a potential (inflationary stage) toward minimum with subsequent fast oscillations (scalaron 
stage). 




FIG. 1: The graphs for the scalar fields \ (top) and <f> with mi = 1, m-2 = 1, Ai = 0.1, A2 = 1. Both fields tend asymptotically 
to the global minimum <j> = 0, x — m 2- 

In the next section we will consider behavior of the model on these two stages. 

III. INFLATIONARY AND SCALARON STAGES 



A. Inflationary stage 

As is well-known [1(, the conditions </> 2 ,x 2 "C V((f>,x), 4>, X "C dV(4>,x)/d((j),x) should be fulfilled on the stage of 
inflation. It allows to rewrite Eqs. (|10 p - (fT2"|) as follows: 
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-0 [2 X 2 + Ai (0 2 - mj)] , 
-X [20 2 + A 2 (x 2 - ml)] . 



(13) 
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We will search for inflationary solutions near the maximum of the potential ([T]) in the following form: 

4> = 6(j), x = $X, 6<f>,8x<il. (14) 
The first equation from (113|) will then be: 

2 1 3 . 4 

° ff2 „ 1 n 2 tt2 A 2 m 2 



(15) 



where cr is an anisotropy parameter and H is an effective Hubble constant. The last equation has a solution: 



— — smh3H(t — to), 
H 



(16) 



where to is an integration constant. 

Let us show that for isotropic case, i.e. at a — > 0, Eq. (|16|) describes usual exponential expansion. Indeed, if we 
take the arbitrary constant to in the form to = In (y/aH 2 /2) /3H, then: 



r 6 = H-^e 



3„3Ht 



(17) 



i.e. one has usual inflationary solution for a flat isotropic model. 

Let us further find evolution of the scalar fields. Using (|14p . we can rewrite the second and the third equations 
from (fl~3l) as follows: 



r 
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r 



\im\5<j> — 0, 3-S\ — A2to!#x = 0; 



or, taken into account (|16p . we have 
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1 \\m\ 
3 H coth 3i?(t - t ) 
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«y«/> = 0, 

6 X = 0, 



with solutions: 



Si [cosh3i?(t-< )] Aim?/9ff2 , 
B 2 [cosh3i/(t-t )] A2m ' /9ff2 , 



(18) 
(19) 



(20) 
(21) 



where a sign of the integration constants B\ , B2 depends on whether the solution should appear in the global minimum 
at <j) — 0, x — ~fn2 or at <j) = 0, x — +m2- 

Now we can find a form of the metric coefficients a a . Eqs. © and (flu]) yield: 



e 3H(t-t ) _ ^ 



o3H(4-t ) _|_ 1 
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and, using {1J, (fl6| and ([22)) , we finally have: 



„3H(t-t ) _ 2 
3 3H(t-t ) _|_ 1 
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B. Scalaron stage 

On this stage, there are fast oscillations of the fields near the minimum of the potential (pj with loss of the energy 
for creation of particles (hot plasma). We will search for a solution of Eqs. (fTT))) - (fl"3i)) in the following form: 



<t> = H, X = m2 + Sx, 



(24) 



keeping in the potential terms up to second order on 6<j>, 6\- Then Eqs. (jTQJ) - (jX2j) and (pj yield: 
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Sx + 3-Sx + 2X 2 m 2 2 S X = 0, 
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(Note that the expression (m| — (Ai/2)mf) > due to the condition for existence of the global minima, see the 
Introduction.) 

Let us search for solutions of Eqs. ([25ll - ([26|) by the following method [l2T |: 



Ai 



m 9 —rrv\ 



+ Mm 2 8x 



(25) 
(26) 
(27) 



8(f) = A(t) sin ^2{m\ - (X 1 /2)m 2 )(t - t ), Sx = B(t) sin ^2\ 2 m 2 (t - t ), 
where A(t), B(t) are some arbitrary functions obeying the following conditions on the scalaron stage: 



(28) 



A/A<yj2(m%-(\i/2)m%), B/B < ^2\ 2 m 2 . 
Then, inserting (|28|) into Eqs. ([25l) - (l2G|) and neglecting terms with second derivatives, one can obtain: 

A = D ir ~ 3/2 , B = D 2 r- 3/2 , 



(29) 



where D\, D 2 are integration constants. Now, inserting (|28|) into Eq. (|27f and keeping only zero terms on derivative, 
we have: 
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or, taken into account ([29 



where 



r 2 - or 4 - (7! +7 2 )r 1 = 0, 



(30) 
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Eq. (f3Tj) has a solution: 



^(7i+72) 2 (t-M 2 -^)/(7i+7 2 ) 



where to is an integration constant. Then q a from ([5]) will take on form: 



Qa — A a 

and, using (HJ), (f3"2")l and (f3"3")) . one can obtain: 



3( 7l +7 2 )(t-to)/2-l 



3(7i+72)(t-to)/2 + l 



3(7i+72)(t-to)/2-l 



.3(7i+7 2 )(i-io)/2 + l 
Finally, from Eqs. fl25J), Q and (02]) we have: 



^(7i+7 2 ) 2 (t-to) 2 -(T)/(7i+7 2 ) 



n 1/3 
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sin ^2(m 2 - {X 1 /2)m 2 ){t -to), 



(71 + 72) (* - to) - o- /(71 + 72) 



'1/2 



sin W 2\ 2 m\{t — to). 
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IV. CONCLUSIONS 



Summarizing, the anisotropic model of the early Universe on the inflationary and scalaron stages was considered, 
ft was shown that there are solutions beginning in the local maximum of the potential {1} and tending asymptotically 
to one of the global minima. The solution near the local maximum describes inflationary stage, and the solutions 
near the global minima - scalaron stage. It is also obvious from (|23|) and (|34j) that the solutions tend asymptotically 
to isotropic case. 

Note here that a type of the obtained solutions differs from the solutions from Refs. ^ n the case under 

consideration, we have exponential (near the local maximum) or oscillating solutions (near the global minima) with 
arbitrary values of the parameters mi, m?, Ai, A2. (They are restricted only by the conditions on existence of the 
local and global minima.) But in the referred above papers, the problems boiled down to finding of eigenvalues of the 
parameters mi, rri2'. at other values of these parameters, the solutions are singular. 
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